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Abstract. Several useful properties of the Clifford-Fourier transform have been studied
recently and many are being investigated at present. In this paper, we explore more properties
of the Clifford-Fourier transform. We find that the properties are extensions of corresponding
properties of the classical Fourier transform.

1. Introduction

In recent years, th@awork related the Clifford-Fourier transform (CFT) has grown rapidly. At
first, the CFT was introduced by Brackx et al. [1] who proposed to extend the classical Fourier
transformation [2] to Clifford analysis Clp,. Several fundamental propertfggg of this generalized
transformation were studied. Further, the application of the CFT to vector fields and the
behaviour of vector-valued filters has been investigated by Ebling and Scheuermann [3]. As far,
there are various types of the Clifford-Fourier transforms have been proposed by the researcher.
In [4, 5, 6, 7] the authors developed the CFT of the reference [3] to higher dimensions and
obtained fundamental properties like convolution, correlation and uncertainty principle. The
CFT of this approach has used the authors [8, 9, 10] to constructed windowed Fourier and
wavelet transformations in the setting of Clifford algebra. The different approach of the CFT
has been proposed the authors [11]. Some results related to this CFT has been published in
[12, 13, 14]. Again in [15] Hitzer has proposed the new type of the CFT which it can be
considered as a general form of the double-sided quaternion Fourier transformation [16, 17, 18].
Some important result related to new transformation such as convolution and correlation were
investigated g#jdetail.

The main purpose of this work is to investigate the several results of the CFT which do not
have 1 published in the literature. To achieve this we first introduce the definition of the
CFT. Some results related to the properties of the CFT kernel are presented. We then derive
the duality property associated with the CFT. We finally show that under certain condition the
Clifford function related to the CET is continuous and bounded.

The remainder of the present paper is organized as follows. Section 2, some preliminary
results related to Clifford algebra are discussed. The resulggwill be used in the sequel. In
Section 3 we introduce the definition the CFT and obtain some results related to the CFT
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kernel. Section 4 derive in detail the Clifford function related to the CFT is continuous and
bounded.

2. Clifford Algebra [

Let {ef®2,e3,---.e,} be an orthonormal basis of the real n-dimensional space R with

r + t = n. The real Clifford algebra (see [19, 20]) over R is denoted by Cl(,.4) such that
{lfelrle tt 4y €n,€12,€31,€23," " ,€1€2 " e‘n}s (l)

ﬂere I is an unit oriented pseudoscalar. The product of the above basis vectors fulfills the
following rules:

e.e = —ee; for k#I, 1<k1<n,
e =1 for 1<k<r
el =-1 for r+1<k<n. (2)

The elements of Clifford algebra are called multivectors. It means that every g € Cl,. ) may
be expresed as

9= gcec. (3)
C

where go € R, ec = €qa00p = €a1€as """ €qy, and 1 < ag B2 < <o < n with
aj € {1,2,---n}. For simplicity, we write (g); = > c= fcec to denote l-vector part of g
(1=0,1,2,--+ ,n), then

T
3

g=) {gh={g) +{gh + (g2 + - +{(gn, (4)

-
Il
=}

whege (. Jo = (...}

The reverse g of a multivector g is given by

l

T

(=1)Dg),, (5)

E=]|
Il

i

]
=]

whigsh satisfies gh = hg for every g, h € Cliyp)-
he scalar product of multivectors f, g is defined as the scalar part of the geometric product
fg of multivectors

(gh)

gxh=""gche. (6)
2 o
Notice that if g = h in (6), then we get the modulus |g| of a multivector g € Cl, ;) given by
9> =g*3=>_ gt (7)
C
It is not difficult to see that for g, h € Cl, ;) one can obtain
|ghl* < 2"|gl? |l ()
Definition 2.1. A multivector g € Cli,.;) is called vectorial if it takes the form

g9=go+eig+exgat -+ eugn. (9)

2
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We definer the inner product for multivector functions g, h : R0t — Cliypy as follows:

@)= [ @i

= Zec:e_n / go(x)hp(z)d'z, d"x=dridss---dz,. (10)
c.D R(rt)

Thus for g = h we get

(6) n
gl & / S g () da. (11)
Rirt) Fal

3. Clifford-Fourier Transform (CFT)
In what follows, we provide the definition of the Clifford-Fourier transform (CFT) and its inverse.
We also demonstrate an important property of the CFT kernel.

Definition 3.1. Let I € Cl,,) be a square root of —1 such that I*> = —1. The CFT of
g € LY(RT), Cliry)) 15 given by

1

Fo{g}(u) = §(u) = @

/ g(a‘:)e_["’(“‘m) d“ﬁ?, (12)
Rir.t)
with z,w € R"Y gnd v : RUY x RO o R,
In the remainder of the paper, we always assume that
v(w,x) = uix) + wexo + - - + UpTy. (13)
Lemma 3.1. [13] For any g € Cl,y)) and I € Cl,.y)), one can get
e < (14 |1P)3, (14)
and
Ige—h:(u‘m)l < 27|g|(1+ |I|2)% (15)

Definition 3.2. For arbitrary g € Ll(]R(’”"); Cli,y)) we define the inverse of the CFT as

- 1 (ww)
Falloy@) = g /R(,_‘,}g(me“-’( = d"u. (16)

Theorem 3.2. For f € L'(R™Y:Cl,.y)), it holds
Foi [Fer{g}] (u) = g(uw). (17)
4. New results for CFT

We first investigate a number of useful properties of the CFT, which can be regarded as
extensions of the results of the classical Fourier transformation [2].

Theorem 4.1. For h,g € LR, Cli,py), it holds that

(Far{h}, 9) = (b, FGi{g})- (18)
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Proof. In fact, one has

Feriho) = [ Forlnpwitu) du

=f [[ h(z)e~ v @®) grg | glu) d™u
B(r.t) Rir.t)

= ] / h(z)e P @ glu) d e d"u
Rirt) JR(M)

- ] / h(x)g (w)el*®) d'y da
Rirt) JR(mE)

= [ h@F @ s
R[!-.f)
= (h'.'f(_;‘il{g})! (19)
which this is the desired result. O

Definition 4.1. Let F¢y be the Clifford-Fourier transformation. The adjoint of F¢y is denoted
by F¢y and is defined by
(Fei{ht, 9) = (h, Feu{g})- (20)

The following result demonstrates the relationship between adjoint of CF'T and its inverse.

Theorem 4.2, Let h,g € LQ(R(""'); Cliryy). The adjoint of the CFT is its inversion fourmula,
that s,

(fCE{h}-q) = (h-f(_'il{q}) (21)
Proof. By combining (18) and (20) we can finish the proof. O

Theorem 4.3 (Parseval’s formula for Ff,). If h,g € LQ(R(""');CE(,,J_)), then the following is
satisfied
(Fed b}, Foulgd) = (b, 9). (22)

Proof. By (21) we obtain
(Fealh}, Feulo)) = (Fo {h} Fol {g})
- ,L(r,:} Foi A} (@) Foi {g}(x) d"z

- -/R(r,a} ( ./R(T’-'?} h’(u)Eh}(u‘m) duu) ‘FEEI{y}(w) duw

N /].f;"”‘i} ( R(p.a) Ff}i{hl}(u)eh}(urx} dnu)mdnm

- [ Fc:{h-}(u)( ] Wrﬂm) d"u
JRirt) Bip.a)

= / Fer{lhH(w)Fo{g}(u) d"u
JRiL)

= (Foulh}, Falg})
= (h.g), (23)

which gives the required result. O
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Theorem 4.4. Given h € L2(R"1); Clipyy) and g = For{h}. If we assume that

(h, Fe{g}) = (Falh}, g)- (24)
Then we have
h = Fe{g} (25)
Proof. From the hypothesis of the theorem and the Parseval’s theorem for the CFT, we see that
(h, Far{g}) = (Fa{h},g) = (Fa{h}, Faih}) = |Falh}l; = [h]*. (26)
Applying Parseval’'s formula results in
IFci{g}? = llgl* = | Fe{ R} = [IR])*. (27)
Consequently we get (14]

b~ Felg} |l = (h — Feulg) b — Feulg))
= [|hl13 = (h, Fer{g}) — (Fai{g}, h) + | Fa{g} I
= ||0l? — IFce{h}I® = &)1 + | Fcr{g} I

—0. (28)

This proves the theorem. O
Theorem 4.5 (CFT duality). Let Feu{g} be a CFT of Clifford function g. Then we get

For{g(u)} = g(—u). (29)

Proof. It directly follows from (12) that

A a(u)) = 1 - e—h:('&,mz::)amm
Fer{g(w)} e Ju Foilg}(u)
= 1 T p—h;(u,:u)(nu
= @t S }fre{g}( Je 1
= g(—u). (30)
Then one has
Forlg(—uw)} = g(u). (31)

Now observe that

(2m)?
_ 1 : (Z)Eh (z,2) d"
(2m)2 JR(rt)
_ 1 " / g(t)(’h (t.w) At
(2m)z Jret)
= Fo{g}(—u). (32)
This is the desired result. O




The 3rd International Conference On Science 10OP Publishing
Journal of Physics: Conference Series 1341(2019) 062003 doi:10.1088/1742-6596/1341/6/062003

Theorem 4.6 (Continuity). If g € L' (R0); C lir)) then Feor{g) is continuous and bounded on
R(Tr” .

Proof. For every &, u € R we obtain

1 e T
Falohwl < oo [ lo@e o) a
1

gt f o

(%) : (1+111%) fwm |g()| d"=. (33)

This gives Fey{g} is bounded. Next, using the CFT definition (12), we have

w2

IA

|Far{g}(u+ &) — Fa{gh(u)|

1 i 1 ’
= }7(2 )n[ g(m)e TVU+E2) gng, @ )uf gla)e V) grg
m)2 Jr 7)2 Jreo

[ & —Iv (um) —Iv (&) _ )du
27‘ R(rmt)

< 1 _ f m)e—h.-(u :l:)( —Tv(g, a:)

1 -
= _(211-)% fm(-r} g(x)e~ viwe)

< ﬁ/ g[m)eﬁfu(u,a:)
w2 JRirt)

n

<(2) @+ir) [ |o)|d. (34)
T R(r.t)

Since g(z) is integrable, then we can use the Lebesgue dominated convergence theorem to get

j?l

(e ~1) s

(Eﬁfu(ﬁ_.a:) L 1d™e

él_lfill |Fer{g}(u + &) — Fa{g}(u)| =0, (35)
which shows that Fi{g} is continuous on R("""). 0O

References

[1] Brackx F, Delanghe R, and Sommen F 1982 Clifford Analysis 76 of Research Notes in Mathematics Pitman
Advanced Publishing Program

[2] Bracewell R 2000 The Fourier Transform and its Applications McGraw-Hill Book Company

[3] Ebling J and Scheuermann G 2005 Clifford Fourier Transform on Vector Fields IEEE Transactions on
Visualization and Computer Graphics 11 (4) 469-79

[4] Mawardi B and Hitzer E 2006 Clifford Fourier transformation and uncertainty principle for the Clifford
geometric algebra Cls o Advances in Applied Clifford Algebras 16 (1) 41-61

[5] Hitzer E and Mawardi B 2006 Uncertainty principle for the Clifford geometric Algebra Cly o, n = 3(mod 4)
based on Clifford Fourier transform in the Springer (SCI) book series Applied and Numerical Harmonic
Analysis p 45-54

[6] Bahri M, Ashino R and Vailancourt R 2014 Convolution theorems for Clifford fourier transform and properties
Journal of the Indonesian Mathematical Society 20 (2) 125-40

[7] Hitzer E and Mawardi B 2008 Clifford Fourier Transform on Multivector Fields and Uncertainty Principle for
Dimensions n = 2 (mod 4) and n = 3 (mod 4) Advances in Applied Clifford Algebras 18 (3-4) 715-36




The 3rd International Conference On Science IOP Publishing

Journal of Physics: Conference Series 1341(2019) 062003 doi:10.1088/1742-6596/1341/6/062003

[8] Bahri M, Adji S and Zhao J 2011 Real Clifford windowed Fourier transform Acta Mathematica Sinica, English

Series 27 (3) 505-18

[9] Bahri M, Adji S and Zhao J 2011 Clifford algebra-valued wavelet transform on multivector fields Advances in

[10)
)
12)
13)
[14)
[15)
[16)
17)
s)

(19]
(20]

Applied Clifford Algebras 21 (1) 13-30

Bahri M and Ashino R 2012 Two-dimensional quaternion Fourier transform of type Il and quaternion wavelet
transform 2012 International Conference on Wavelet Analysis and Pattern Recognition Xian China p 359-64

Brackx F, Schepper N D, and Sommen F 2005 The Clifford-Fourier transform Journal of Fourier Analysis
and Applications 11 (6) 669-81

Rim J 2018 Heisenberg’s and Hardy’s uncertainty principles in real Clifford algebras Integral Transforms and
Special Function 29 (8) 663-77

Haoui Y and Fahlaoui S 2019 Donoho-Stark’s Uncertainty Principles in Real Clifford Algebras
arXiv:1902.08465 [math.CA]

Kamel J E and Rim J 2017 Uncertainty Principles for the Clifford-Fourier Transform Advances in Applied
Clifford Algebras 27(3) 2429-43

Hitzer E 2017 General steerable two-sided Clifford Fourier transform, convolution and Mustard convolution
Advances in Applied Clifford Algebras 27 (3) 2215-34

Bahri M 2016 A modified uncertainty principle for two-sided quaternion Fourier transform Advances in
Applied Clifford Algebras 26(2) 513-27

Bahri M and Ashino R 2017 A variation on uncertainty principle and logarithmic uncertainty principle for
continuous quaternion wavelet transform Abstract and Applied Analysis 217 Article ID 3795120 11 pages

Hitzer E 2017 Quaternion Fourier transform on quaternion fields and generalizations Advances in Applied
Clifford Algebras 17 (3) 497-517

Hestenes D 1986 New Foundations for Classical Mechanics D. Reidel Publishing Company

Hestenes D and Sobezyk G 1984 Clifford Algebra to Geometric Caleulus Kluwer Academic Publishers




Some Properties Associated with Clifford-Fourier Transform

ORIGINALITY REPORT

9 W5 "8 %0

SIMILARITY INDEX INTERNET SOURCES PUBLICATIONS STUDENT PAPERS
PRIMARY SOURCES
www.m-hikari.com . 2
Internet Source A)
Jday Rim. "Heisenberg's and Hardy's o 1
(0}

uncertainty principles in real Clifford algebras”,
Integral Transforms and Special Functions,
2018

Publication

Mawardi Bahri, Sriwulan Adji, Jiman Zhao. o 1
"Clifford Algebra-Valued Wavelet Transform on °
Multivector Fields", Advances in Applied Clifford
Algebras, 2010

Publication

Saul B. Gelfand. "Recursive Stochastic o 1
Algorithms for Global Optimization in °
$\mathbb{R}*d $", SIAM Journal on Control and
Optimization, 1991

Publication

Hartmann, Stefan. "Relaxed quaternionic Gabor
expansions at critical density", Mathematical
Methods in the Applied Sciences, 2016.

Publication



Mawardi Bahri, Sriwulan Adiji, Ji Man Zhao.
"Real clifford windowed Fourier transform”, Acta
Mathematica Sinica, English Series, 2011

Publication

%]

MAWARDI BAHRI, ECKHARD S. M. HITZER. "
CLIFFORD ALGEBRA CI -VALUED WAVELET
TRANSFORMATION, CLIFFORD WAVELET
UNCERTAINTY INEQUALITY AND CLIFFORD
GABOR WAVELETS ", International Journal of
Wavelets, Multiresolution and Information
Processing, 2011

Publication

192.218.244 .17

Internet Source

Clifford Algebras and Their Application in
Mathematical Physics, 1998.

Publication

RN
(@)

Geometric Algebra Computing, 2010.

Publication

—
—

Mawardi Bahri, Ryuichi Ashino. "Two-
Dimensional Quaternion Linear Canonical
Transform: Properties, Convolution, Correlation,
and Uncertainty Principle", Journal of
Mathematics, 2019

Publication

e-pub.uni-weimar.de



12 Internet Source
12 <4
MCDANIEL, J.G.. "A WAVE APPROACH TO <, 1
ESTIMATING FREQUENCY-DEPENDENT °
DAMPING UNDER TRANSIENT LOADING",
Journal of Sound and Vibration, 20000323
Publication
Advanced Color Image Processing and <%1

Analysis", Springer Nature, 2013

Publication

EXCLUDE QUOTES ON EXCLUDE MATCHES

EXCLUDE ON
BIBLIOGRAPHY

<5
WORDS



	Some Properties Associated with Clifford-Fourier Transform
	by

	Some Properties Associated with Clifford-Fourier Transform
	ORIGINALITY REPORT
	PRIMARY SOURCES


